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Asymptotic formulas on the average values of the “sum of digits” function and 
the average numbers of occurrences of fixed subblocks in Cantor representations of 
integers are established. The theorems generalize a result by H. Delange (Enseign. 
Math. 21 (1975), 31-471. 
1. INTRODUCTION AND NOTATION 
The problem of the average value of the “sum of digits” function of 
(positive) integers has been studied by a number of authors: 
Let q denote an integer > 1 and S,(n) the sum of digits of n in q-ary 
representation. For the average value 
the following results have been established: Bush (2 1 has shown 
M(m) 9-l --logm 
2 1% 9 Cm+ 001, 
Bellman and Shapiro ( 11 derived 
M(m) = 9-l ~ log m + O(log log m) 
2 1% 4 
and Mirsky 15 1 improved the O-term to 0( 1). 
An explicit formula for the error term is due to Delange [ 3 1: 
M(m) = 9-l 
log m 
-1ogmfF - 
2 1% 9 c ) 1% 4 ’ 
(1.1) 
(1.2) 
121 
0022-3 14X/84 $3.00 
CopyrIght C 1984 by 
All rights of reproduction 
122 KIRSCHENHOFER AND TICHY 
where F is a continuous and periodic function with period 1, the Fourier 
coefftcients of which are determined in 131, too. (It is even shown that F is 
nowhere differentiable.) 
The above cited problem is also related to the question of the average 
number of occurrences of a fixed digit or a fixed block of digits in the q-ary 
representation of a natural number. If we denote by B&w, n) the number of 
blocks w in the q-ary representation of n, where overlapping is allowed, the 
following result holds, if the first and last digits of n differ from zero: 
1 m-1 - \’ B,(w, n) = 
m ,To i 
!zg-,,,+ l)q-~l’~l +H,,,(S) ++. (1.3) 
Here / WI is the length of w and H, is continuous and periodic with period 1. 
In the special case q = 2, w = 1’ this is proved by Prodinger [ 6 1, the 
general case is due to Kirschenhofer [4]. 
The present paper deals with a generalization of the above results to the 
case of Cantor representation of integers. Let (q(i)) be a sequence of natural 
numbers with q(O)= 1, q(i) > 1 for all i> 1, and Q(j) := q(O). q(l). ... . 
q(j). Any natural number II has a unique representation 
,,= \‘ aj(Q; n) Q(j)? O<Uj(Q;n)<q(j+ I)- 1, (1.4) 
JYl 
which we will call the Q-Cantor representation of n induced by (q(i)). If we 
define the average value 
M(Q; m) = i m<’ S(Q; n), (1.5) 
n 0 
where S(Q; n) = CjaO u,(Q; n) is the sum of digits in the Q-Cantor represen- 
tation, we obtain in the case 1 = q(0) < q(l) < q(2) < q(3) < ... 
M(Q:m)=+“$‘(q(j)- l)f2 
p(m) + dQ*(m))V'(m)\2 
.I- 1 2P(m) 
1 fW(m)) P(m)1 
2 P(m) Wm) 
+ dQ*b - 1) - l>~p(m)q(Q*(m))l' 
WQ*(m)) p(m) ” (4(Q:(m,,) ’ (1’6) 
In this formula Q*(m) = i denotes the uniquely determined integer i > 0 with 
Q(i) < m < Q(i + I), and P(m) = m/Q(Q*(m)): H is the periodic function 
H(x)=!‘~({u}-+)dr: 
0 
((x) =x- lx] is the fractional part of x). 
DISTRIBUTION OF DIGITS 123 
In the case lim,+,, q(i) = 00 the O-term tends to 0, while all other terms 
need not do so. 
Ifl=q(O)<q(l)<q(2)<**.< q(s)<q(s+l)=q(s+2)==***= q 
an easy modification of 131 yields 
(1.7) 
with c= q(1) ... q(s) and F the periodic function from (1.6). 
For a bounded, but not necessarily monotone sequence (q(i)) we obtain in 
general 
Q*(m) 
M(Q;m)=f x (q(j) - 1) + O(l). (1.8) 
j= I 
If the sequence q(i) is periodic of length k, i.e., q(0) = 1, q(i) = qj where 
i=j(k) (1 <j<k), q=q,. ... . qk a result similar to Delange (1.2) is 
derived: 
where G is a continuous function, periodic of period 1, the Fourier expansion 
of which will be given. 
In the problem of the average occurrences of single digits or blocks we 
will show that for a sequence (q(i)) with lim,_K q(i) = co 
1 m-1 
- \- B(Q; MI, n) = 
Q”~~l~l Q(j- l,,l) 
md 
+ O(l), (1.10) 
fl=O .j -TV I Q(j) 
holds for the numbers B(Q; W, n) of occurrences of w (with first and last 
digit different from 0) as a subblock of n in Q-Cantor representation. (From 
our lemmata the O(l)-term could be analyzed more in detail. too, which we 
will not do for the sake of brevity). 
2. THE “SUM OF DIGITS" FUNCTION IN 
CANTOR REPRESENTATION 
In order to express the “sum of digits” function S(Q; n) we prove the 
following identity for the digits u,(Q; n) of n in Q-Cantor representation 
(compare 1.4). 
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LEMMA 1. aj<Q; n) = In/Q(j)1 - q(j + l)in/'Q(j + 111, 
Proof. We have n = Cjzo aj(Q; n) Q(j) and so 
Q(k) zj u,(Q; n) - Q(j) 
and 
[ Q(j”+ 1) I=,,+, ak(Q’n) Q(jzi’+ 1) 
from which the result is immediate. 
For the following calculations observe that 
L&J= M for n<t<n+l. (2.1) 
Therefore 
=,;c+’ ikJ -a+ 1) [ Q(jy l)]j dt 
and 
m-l 
\‘ S(Q;n)= 
nco 
-q(j+ 1) [Qcj: 1) 1) dt. (2.2) 
Forj>Q*(m)+ 1 and n<m- 1 
& Q(Q&z;+ 1) ’ ’ 
because of the definition of Q* (below 1.6); hence it suffices in (2.2) to sum 
over 0 <j < Q*(m). Let 
gj(x> =!I [q(j) tl - qUIltI - ( 
4(j) - 1 
2 ) dt. 
Then gj is continuous periodic with period 1 and gj(n) = 0 for 12 E L. 
With this abbreviation (2.2) reads 
m-l Q'(m) 
\‘ S(Q;n)= \‘ 
d.j+ I)- 1 
m 
n=0 j=O 
2 +gj+, ( Q(J?+ lj) QU+ 1)) 
(2.3) 
and so we have proved the following 
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LEMMA 2. M(Q; m) = (l/2) CFLy' (q(j) -1) t (l/m) Coyly:' gj(m/Q(j)) 
with u(m) = Q*(m) + 1 and M(Q; m) us in (1.5). 
For the following let (q(i)) be a monotone sequence and limi,co q(i) = co. 
In order to derive (1.6) we first estimate 
(2.4) 
which is a consequence of 
and 
1 u(m)-3 
- 
m 
s 
j=l 
(q(j) - 1) Q(j) <; Q(Q*(m) - 1) 
1 
= q(Q*(m)) ' 
Q(Q*W>> < 1 
m ' dQ*(m))' 
After having established (2.4) it remains to consider the contribution of the 
cases j = u(m) - 2, u(m) - 1, u(m) to the second sum in Lemma 2. We start 
with j = u(m): 
Mm)) - 1 m 
2 Q(u(m>) ’ 
By the substitution v = t + q(u(m)) the first integral becomes 
1 
i 
P(m) 
1~1 &j = P(m)2 P(m) W’(m)) 
Mm)) 0 W4m)) - 2qMm)) - sGW) 
with 
p(m) = Q(Q:(m)) 
and H(x)=jr ~{zI] -+I du. 
The second integral is zero since m/Q(u(m)) < 1. Putting all together the 
contribution of j = u(m) is 
P(m) 1 W(m)) q@(m)) - 1 ---- 
- 2 2 P(m) 2 ’ (2.5) 
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A similar calculation yields for j = u(m) - 1 = Q*(m) 
g u(m)b’ Q(U(Mm) - I) [t . q@(m) - l)] - q(U(;) - ‘) dt 
and with 
v = t . q@(m) - 1) 
and finally for the contribution of j = u(m) - 1 
q(u(m) - W(m)l* iP(m)I + o 1 
-~ 
Wm) Wm) ( 
1 s@(m)- 1) ’ 
(2.6) 
In the same way 
g u(m’- * t Q(u(rz) - 2) 1 
g@(m) - 2W(m) s(W) - 1) I* F(m) q(u(m) - 1) 1 = _ 
2 2 
- q(u(ml) _ 2) WIfYm) dub) - 111 du(m) 2): - 
or for the contribution of j = u(m) - 2 
P(m) q(u(m) - 1) 1’ du(m) - 2) 
Wm) ’ q(W) - 1) +O ( 
1 
1 s(u(m)- 1) ’ (2.7) 
Combining Lemma 2 with (2.4), (2.5), (2.6) and (2.7) the following theorem 
results: 
THEOREM 1. The average value M(Q; m) = (l/m) Cr:,’ S(Q; n) of the 
“sum of digits” function in Q-Cantor representation (1.4) induced b), a 
monotone sequence 1 = q(0) < q(1) < q(2) < . .. (with lim,, , q(i) = 00) 
satisfies the asymptotic relation 
1 WYm)) VYm)l -___ 
2 p(m) 2P(m ) 
+ s(Q*(m) - lW’(m) s(Q*(m>>l’ + o 1 
WQ*(m)) f’(m) ( s(Q*(m)) 1 
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with H(x) = j; ({u) - $) du, P(m) = m/Q(Q*(m)) and Q*(m) = i the integer 
with Q(i) < m < Q(i + 1). 
If q(i) is monotone and bounded (1.7) results immediately from Lemma 2 
by Delange’s method of 131. In the following 
examples: 
EXAMPLE 1. We take q(i) = i + 1 (i> 0); 
Stirling’s approximation of the r-function 
Q*(m) = 
log m 
log log m 
we want to give some 
then Q(i) = (i $ l)!. By 
log m . log log log m 
(log log m)’ 
and furthermore 
P(m) = mdQ*W + 1) 
Q(Q*W + 1) ~Q*(m)+2=0(,,',"fb~,). 
These estimates combined with Theorem 1 lead to 
M(Q;m)=+ (lof~~m~2+0 ( (log~~glp,“,l~~ogm) 
EXAMPLE 2. We take q(i) = 2’ (i > 0) and obtain Q(i) = 2”‘+ I’,“. It is 
not difficult to see that 
Q*(m)= [ 
-1 + d/1 + 8/d(m) 
2 ] =: la,l, 
where Id denotes the logarithm with respect to the base 2. Then 
+ “Z’ (q(j) - 1) = 2am-Iaml 
J-1 
-+& + O(l), 
P(m) -= 
2 
pJqJ+ +(la,l-la,l’l-l 
q(Q*(m)) = 2 a,(1 -lamI)+ $la,l~-3kl,l)- 1 
W4 
All other terms appearing in Theorem 1 are 0( 1 ), too, and could be deter- 
mined explicitly if desired. 1 
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For a bounded but not necessarily monotone sequence (q(i)) Lemma 2 
holds, too. The second sum in Lemma 2 can be estimated by 
and so (1.8) results. 
3. THE “SUM OF DIGITS” FUNCTION FOR PERIODIC BASES 
In this section we consider periodic sequences (q(i)) of the following type: 
4(O) = 1 
(3.1) 
4(j) = qj if i-j(k) with 1 <j < k and fixed q, ,..., qk. 
Then 
(3.2) 
In order to determine the average values M(Q; m) we shall use Lemma 2 
again. Therefore we calculate Q*(m) at first: 
LEMMA 3. If the sequence (q(i)) is periodic as in (3.1), 
Q*(m) = ;’ [km + fq@+, 
,T, 
. ... . s,>J, 
where lq is the logarithm to the base q := q, . . . . . qk. 
Proof: We choose 1 with 2 < 1< k such that 
lkm + Mq,,, . ... . qJ1 = IkmL 
but 
/km + Wq, ... 4Jl = Ikml + 1. (3.3) 
Let A(m) denote the right-hand expression in the equation of Lemma 3; then 
by (3.2), (3.3) 
QV (ml) = q llqmlt 1 -Iq(Y,. .9/J < m 
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and 
m  < q[r9mltl-19(9,.,...9k) = Q(A(m) + 1) 
from which the Lemma follows immediately. 
By Lemma 2 the first term of M(Q; m) is 
i it, (qi - 1) card{r : 1 < r < Q*(m) t 1 and r = i(k)) 
= f l$, (qi- l)A(m, j)* 
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LEMMA 4. A(my i)= [lqm t lq(qi *” qk)l. 
Proof: Let I be defined as in (3.3). Then by Lemma 3 
Q*(m) + 1 = kllqml t 1 
and therefore 
1 0 A(m, i)= [lqm] t 1 for i > 1 for i<l 
which equals [lqm t Iq(q, ... qJ] by (3.3). 
So the first term of M(Q; m) is 
It remains for us to investigate 
with 
a+cm)t I 
R,(‘+L ‘\‘ 
‘?I j= 1 .Zi(k) 
gi(mq-[j/“l(q, . . . qi)-‘) qljlkl(q, . . . qi). 
By the substitution r = [j/k] 
and by s = [lq(m/q, . . . qip r)] - r (observing gi(n) L 0 for integers n): 
(3.4) 
R,(m)= qi x gi ;. qs+llq(m191. ..4iLl)l . q-sw7w71. .‘4, III* 
S>O ( I 1 
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Similarily to Delange [3] we introduce 
and get 
hi(X) = x 4 -jgi(qjX) (1 <ii,<k) 
GO 
R,(m)=q,h, 
With the abbreviation 
(3.5) 
G,(X) = + (Si - 1 I(1 - (X - iq(ql “’ 4i-111 - k(ql “’ 9i I>) 
(3.6) 
we obtain the following theorem: 
THEOREM 2. Let (q(i)) be a periodic sequence as in (3.1). Then the 
average value of the “sum of digits” function in Q-Cantor representation 
(1.4) induced by the sequence (q(i)) is given bq 
M(Q; m) = - : ~ ~ (qj - 1) t ” G,i 
.I 1 j-r 
where q=q, ... qk, and Gj are continuous and periodic functions with period 
1 as in (3.6). 
In a similar way as in 13 1 it is possible to expand the function G(X) = 
C,&, Gi(x) in a Fourier series 
with 
co = (.  qj - ’ 
] ! - ,  2 (1% 2% - 1 - log(q, . ‘.. . q,J) - + + 
hT 
L 
qj - 1 
.,?I 4 
and for r#O: 
c, = i 
where [ denotes Riemann’s C-function. 
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4. OCCURRENCES OF BLOCKS IN CANTOR REPRESENTATION 
In this section we want to study the average occurrences of blocks in 
Cantor representations of integers. Let B(Q; W, n) denote the number of 
occurrences of the string w (with first and last digit different from 0) as a 
block in Q-Cantor representation of n. 
LEMMA 5. 
B(Q; w, n) = \‘ ~ i[ &) + w, w) + Q’“$, l) J 
- 
L &-j+b(k, w> Ii 1 
where I+ 1 denotes the length of the string w = w,, w, ... w,, the sum is taken 
over all k > l+ 1 such that wi < q(k - i) (0 < i < 1) and 
b(k, w) = 
‘7 
\ 
Q(k-j- 1) 
jr0 Q(k) 
(q(k -j) - 1 - ~1~). 
The part of the sum, where Q(k - I- 1) > n is zero. 
Proof Let n=Cjao J a.(Q; n) Q(j) be the Q-Cantor representation of n, 
then 
& + b(k, w) = x a,(Q: n) m 
j>k Q(k) 
k-l 
+ K‘ 
j=ky/+ll 
(aj(Q; n) + q(j + 1) - 1 - wjkPj- ,) J$$ 
k-l/+1)-1 
+ 1 
Q(j) 
j-0 
aj(Q; 4 ~0. 
The third sum is less then 
Q(k-l- 1) 1 
Q(k) =q(k-l)...q(k) 
and therefore cannot contribute to the value of the sum in Lemma 5; trivially 
the same holds for the first sum because it is a natural number. The second 
sum x2 satisfies the inequality 
()<I <2- Q(k-l-1); 
2 Q(k) 
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so lCz+Q(k-I-l)lQ(k>J-IC21 can only take the values 0 or 1, and is 
1 if and only if 
v+ QV-r-1) =1 
t Q(k) ’ 
So the k-term of the sum in Lemma 5 takes the value 1. if 
w=ak-,(Q; n) ... a,-,,+,,(Q; n) 
and takes the value 0 if not. 
The lower bound for k is trivial; the upper bound follows from the fact 
that for Q(k - I - 1) > II we have aj(n) = 0 for j > k - I- 1. (This will be 
used in Lemma 7.) Now the proof of Lemma 5 is complete. 
LEMMA 6. For any t, b E H and k a positive integer: 
[G+b]= [:+b] with n= (t+ {kb\j. 
Proof: 
Now we can prove the following identity for the desired average values of 
NQ; w, n): 
LEMMA 7. 
where the sums are taken over all I + 1 < k < I+ 1 + Q*(m) such that wi < 
q(k - i) (0 < i < I) and f,,W are continuous periodic functions with period 1 
defined by 
fkJx) = 1: ( [u + b(k, w) + “‘“,;, ‘) ] 
- lu + b(k, w) ) - “(“,:; ’ ) 1 du. 
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ProojI By Lemmata 5 and 6: 
x HQ; w, n> 
n=O 
m-IQ(k)b(k.~)+Q(k-l111 
= \‘ 
77 ~(Q(k)b(k,w)+Q(k~l~l)l 
&+b(k,w)+ ‘(k-1- ‘) dt 
Q(k) I 
m-(Q(k)b(k.w)l 
-IQ(k)b(k.w)l 
&+b(k.w)+ Q(k-l- ‘) 
Q(k) 
- + b(k, w) 
Q fk) 
dt. 
The upper bound for k follows from the fact that for all k > 1+ 1 + Q*(m) 
we have Q(k - I- 1) > n (0 < n < m - 1) and therefore no contribution to 
the sum by the last part of Lemma 5. 
In the following we consider a sequence (q(i)) such that limidK, q(i) = 00 
and 
lim 
I+ l?*(m) Q(k - l- 1) 
Q(k) 
= co. 
m+m k:?+l 
(4.1) 
In this case the first sum in the expression for 
in Lemma 8 is the main contribution: 
THEOREM 3. The average value of the number of occurrences of the 
string w (withfirst and last digit different from zero) as a block in Q-Cantor 
representation of n induced by a sequence q(i) such that (4.1) holds, satisfies 
the asymptotic relation: 
’ F” B(Q; w, n) = - 
m ,ro 
““t\Vcm) Q(k-iwi) + o(1) 
kq;lc, Q(k) ’ 
where / WI is the length of w. 
Proof: By Lemma 7 we have to show that 
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It should be mentioned that by a more detailed study of the O( I)-term it is 
possible to derive a result similar to Theorem 1 for the average number of 
block occurrences, too. Since the method is very similar to Section 2, we will 
not present it here. 
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